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Valuations on Lattice Polytopes
Ka´roly J. Bo¨ro¨czky and Monika Ludwig
Abstract This survey contains classification results on valuations defined on lat-
tice polytopes that intertwine the special linear group over the integers. The basic
real valued valuations, namely, the coeficients of the Ehrhart polynomials are in-
troduced and their characterization by Betke & Kneser is discussed. More recent
results include a classification of vector and convex body valued valuations on lat-
tice polytopes.
1 From Pick’s theorem to the Ehrhart polynomial
A latticeΛ ⊂Rn is a discrete subgroup spanned by n independent vectors. We write
P(Λ) to denote the family of lattice polytopes meaning the convex hulls of finite
subsets of Λ . This section concentrates on the lattice point enumerator GΛ (X) ,
which is the cardinality #(X ∩Λ) for a bounded set X , G(P) is readily a valuation
for P ∈P(Λ). If Λ = Zn, then we simply write G(P).
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SURVEYS
The first related resultis the formula due to Georg Alexander Pick (1859-1942)
who died in the Theresienstadt concentration camp. For a P∈P(Z2), we write b(P)
to denote the number of latttice points in the boundary of P if P is two-dimensional,
and b(P) = 2#(P∩Λ)− 2 if P is a segment or a point. In particular, b(P) is a
valuation, as well.
Theorem 1 (Pick). For P ∈P(Z2), we have
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G(P) =V2(P)+ 12 b(P)+1.
The core fact behind Pick’s Theorem is that if P ∈P(Z2) is a triangle with
G(P) = 3, thenV2(P) = 1/2. Thus the essential two dimensional case can be proved
for examle by induction on G(P), dissecting P into triangles sharing a common
vertex if G(P) ≥ 4. Due to its importance and beauty, Pick’s theorem has various
proofs (see e.g. B. Gru¨nbaum, G.C. Shephard [9] and C. Blatter [5]).
In higher dimensions, there is no simple formula like Pick’s theorem, as it was
noted by J.E. Reeve [22, 23]. The main reason is that the volume of an n-simplex
S∈P(Zn) with G(S) = n+1 can be any integer multiple of 1/n!. However, Euge`ne
Ehrhart, a French highschool teacher found a related fundamental formula working
in all dimensions.
Theorem 2 (Ehrhart). For n≥ 2 and i= 0, . . . ,n, there exists homogeneous ratio-






According to the Ehrhart-Macdonald Reciprocity Law (see I.G. Macdonald [17]), if









In addition, let detn−1L denote the determinant of a n (n−1)-dimensional sublattice







detn−1(Zn∩affF) if dimP= n,
Vn−1(P)
detn−1(Zn∩affP) if dimP= n−1,
0 if dimP≤ n−2.
In particular, we have G1(P) = 12b(P) in accordance with Pick’s Theorem if n= 2.
Unfortunately, there seems to be no ”geometric formula” for Gi(P) if n ≥ 3 and
1≤ i≤ n−2, and actually Gi(P) might be negative in this case. Still, if P ∈P(Zn)
is n-dimensional and i= 1, . . . ,n−1 good bounds of the form
a(n, i)V (P)+b(n, i)≤ Gi(P)≤ c(n, i)V (P)+d(n, i)
involving the so called Stirling numbers are known. Here the optimal upper bound
on G(P) for i = 1, . . . ,n− 1 is due to U. Betke and P. McMullen [4]. The lower
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bound is due to M. Henk and M. Tagami [13] and A. Tsuchiya [25], and it is known
to be optimal if i= 1,2,3,n−3,n−2, and if n− i is even.
There is a natural representation of the Ehrhart polynomial via the projective toric
variety XP assosiated to an n-dimensional P ∈P(Zn). More precisely, the Ehrhart
polynomial of P coincides with Hilbert polynomial given by the Todd Class of the
very ample divisor corresponding to P on XP (see W. Fulton and Cox, D.A., Little,
J.B., Schenck, H.K. [6]).
J. Pommersheim [21] gives a formula for G1(P) in terms of Dedeking sums if
P ∈P(Z3) is a tetrahedon using the associated toric variety.
J.-M. Kantor and A. Khovanskii [14] provide formulas for the coefficients of
the Ehrhart polynomial if n = 3,4 using combinatorial analogues of the algebraic
geometric approach.
R. Diaz, S. Robins [7] provided formulas using valuation theory and Fourier
analysis in any dimension.
bubu
2 Exclusion-inclusion principle and polynomial valuations
3 Section Heading
Instead of simply listing headings of different levels we recommend to let every
heading be followed by at least a short passage of text. Further on please use the
LATEX automatism for all your cross-references and citations. And please note that
the first line of text that follows a heading is not indented, whereas the first lines of
all subsequent paragraphs are.
4 Section Heading
Instead of simply listing headings of different levels we recommend to let every
heading be followed by at least a short passage of text. Further on please use the
LATEX automatism for all your cross-references and citations.
Please note that the first line of text that follows a heading is not indented,
whereas the first lines of all subsequent paragraphs are.
Use the standard equation environment to typeset your equations, e.g.
a×b= c , (1)
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however, for multiline equations we recommend to use the eqnarray environ-
ment1.
a×b= c
a ·b = c (2)
4.1 Subsection Heading
Instead of simply listing headings of different levels we recommend to let every
heading be followed by at least a short passage of text. Further on please use the
LATEX automatism for all your cross-references and citations as has already been
described in Sect. 4.
Please do not use quotation marks when quoting texts! Simply use the quotation envi-
ronment – it will automatically render Springer’s preferred layout.
4.1.1 Subsubsection Heading
Instead of simply listing headings of different levels we recommend to let every
heading be followed by at least a short passage of text. Further on please use the
LATEX automatism for all your cross-references and citations as has already been
described in Sect. 4.1, see also Fig. 12
Please note that the first line of text that follows a heading is not indented,
whereas the first lines of all subsequent paragraphs are.
Fig. 1 If the width of the
figure is less than 7.8 cm use
the sidecapion command
to flush the caption on the left
side of the page. If the figure
is positioned at the top of the
page, align the sidecaption
with the top of the figure – to
achieve this you simply need
to use the optional argument
[t] with the sidecaption
command
1 In physics texts please activate the class option vecphys to depict your vectors in boldface-italic
type - as is customary for a wide range of physical subjects
2 If you copy text passages, figures, or tables from other works, you must obtain permission from
the copyright holder (usually the original publisher). Please enclose the signed permission with the
manuscript. The sources must be acknowledged either in the captions, as footnotes or in a separate
section of the book.
Valuations on Lattice Polytopes 5
Paragraph Heading
Instead of simply listing headings of different levels we recommend to let every
heading be followed by at least a short passage of text. Further on please use the
LATEX automatism for all your cross-references and citations as has already been
described in Sect. 4.
Please note that the first line of text that follows a heading is not indented,
whereas the first lines of all subsequent paragraphs are.
For typesetting numbered lists we recommend to use the enumerate environ-
ment – it will automatically render Springer’s preferred layout.
1. Livelihood and survival mobility are oftentimes coutcomes of uneven socioeco-
nomic development.
a. Livelihood and survival mobility are oftentimes coutcomes of uneven socioe-
conomic development.
b. Livelihood and survival mobility are oftentimes coutcomes of uneven socioe-
conomic development.
2. Livelihood and survival mobility are oftentimes coutcomes of uneven socioeco-
nomic development.
Subparagraph Heading
In order to avoid simply listing headings of different levels we recommend to let
every heading be followed by at least a short passage of text. Use the LATEX au-
tomatism for all your cross-references and citations as has already been described
in Sect. 4, see also Fig. 2.
For unnumbered list we recommend to use the itemize environment – it will
automatically render Springer’s preferred layout.
• Livelihood and survival mobility are oftentimes coutcomes of uneven socioeco-
nomic development, cf. Table 1.
– Livelihood and survival mobility are oftentimes coutcomes of uneven socioe-
conomic development.
– Livelihood and survival mobility are oftentimes coutcomes of uneven socioe-
conomic development.
• Livelihood and survival mobility are oftentimes coutcomes of uneven socioeco-
nomic development.
Run-in Heading Boldface Version Use the LATEX automatism for all your cross-
references and citations as has already been described in Sect. 4.
Run-in Heading Italic Version Use the LATEX automatism for all your cross-refer-
ences and citations as has already been described in Sect. 4.
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Fig. 2 If the width of the
figure is less than 7.8 cm use
the sidecapion command
to flush the caption on the left
side of the page. If the figure
is positioned at the top of the
page, align the sidecaption
with the top of the figure – to
achieve this you simply need
to use the optional argument
[t] with the sidecaption
command
Table 1 Please write your table caption here
Classes Subclass Length Action Mechanism
Translation mRNAa 22 (19–25) Translation repression, mRNA cleavage
Translation mRNA cleavage 21 mRNA cleavage
Translation mRNA 21–22 mRNA cleavage
Translation mRNA 24–26 Histone and DNA Modification
a Table foot note (with superscript)
5 Section Heading
Instead of simply listing headings of different levels we recommend to let every
heading be followed by at least a short passage of text. Further on please use the
LATEX automatism for all your cross-references and citations as has already been
described in Sect. 4.
Please note that the first line of text that follows a heading is not indented,
whereas the first lines of all subsequent paragraphs are.
If you want to list definitions or the like we recommend to use the Springer-
enhanced description environment – it will automatically render Springer’s
preferred layout.
Type 1 That addresses central themes pertainng to migration, health, and disease.
In Sect. 3, Wilson discusses the role of human migration in infectious
disease distributions and patterns.
Type 2 That addresses central themes pertainng to migration, health, and disease.
In Sect. 4.1, Wilson discusses the role of human migration in infectious
disease distributions and patterns.
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5.1 Subsection Heading
In order to avoid simply listing headings of different levels we recommend to let
every heading be followed by at least a short passage of text. Use the LATEX au-
tomatism for all your cross-references and citations citations as has already been
described in Sect. 4.
Please note that the first line of text that follows a heading is not indented,
whereas the first lines of all subsequent paragraphs are.
If you want to emphasize complete paragraphs of texts we recommend to use
the newly defined Springer class option graybox and the newly defined envi-
ronment svgraybox. This will produce a 15 percent screened box ’behind’
your text.
If you want to emphasize complete paragraphs of texts we recommend to
use the newly defined Springer class option and environment svgraybox.
This will produce a 15 percent screened box ’behind’ your text.
5.1.1 Subsubsection Heading
Instead of simply listing headings of different levels we recommend to let every
heading be followed by at least a short passage of text. Further on please use the
LATEX automatism for all your cross-references and citations as has already been
described in Sect. 4.
Please note that the first line of text that follows a heading is not indented,
whereas the first lines of all subsequent paragraphs are.
Theorem 3. Theorem text goes here.
Definition 1. Definition text goes here.
Proof. Proof text goes here. uunionsq
Paragraph Heading
Instead of simply listing headings of different levels we recommend to let every
heading be followed by at least a short passage of text. Further on please use the
LATEX automatism for all your cross-references and citations as has already been
described in Sect. 4.
Note that the first line of text that follows a heading is not indented, whereas the
first lines of all subsequent paragraphs are.
Theorem 4. Theorem text goes here.
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Definition 2. Definition text goes here.
Proof. Proof text goes here. uunionsq
Acknowledgements If you want to include acknowledgments of assistance and the like at the end
of an individual chapter please use the acknowledgement environment – it will automatically
render Springer’s preferred layout.
Appendix
When placed at the end of a chapter or contribution (as opposed to at the end of
the book), the numbering of tables, figures, and equations in the appendix section
continues on from that in the main text. Hence please do not use the appendix
command when writing an appendix at the end of your chapter or contribution.
If there is only one the appendix is designated “Appendix”, or “Appendix 1”, or
“Appendix 2”, etc. if there is more than one.
a×b= c (3)
References
References may be cited in the text either by number (preferred) or by author/year.3
The reference list should ideally be sorted in alphabetical order – even if reference
numbers are used for the their citation in the text. If there are several works by the
same author, the following order should be used:
1. all works by the author alone, ordered chronologically by year of publication
2. all works by the author with a coauthor, ordered alphabetically by coauthor
3. all works by the author with several coauthors, ordered chronologically by year
of publication.
The styling of references4 depends on the subject of your book:
• The two recommended styles for references in books on mathematical, physical,
statistical and computer sciences are depicted in [26, 27, 28, 29, 30] and [?, ?,
?, ?, ?].
• Examples of the most commonly used reference style in books on Psychology,
Social Sciences are [?, ?, ?, ?, ?].
3 Make sure that all references from the list are cited in the text. Those not cited should be moved
to a separate Further Reading section or chapter.
4 Always use the standard abbreviation of a journal’s name according to the ISSN List of Title Word
Abbreviations, see http://www.issn.org/en/node/344
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• Examples for references in books on Humanities, Linguistics, Philosophy are [?,
?, ?, ?, ?].
• Examples of the basic Springer style used in publications on a wide range of
subjects such as Computer Science, Economics, Engineering, Geosciences, Life
Sciences, Medicine, Biomedicine are [?, ?, ?, ?, ?].
1. Beck, M., Robins, S.: Computing the continuous discretely. Springer, Heidelberg (2007)
2. Betke U.: Gitterpunkte und Gitterpunktfunktionale. Habilitationsschrift, Siegen, 1979.
3. Betke, U., Kneser, M.: Zerlegungen und Bewertungen von Gitterpolytopen. J. Reine Angew.
Math. 358, 202–208 (1985)
4. Betke, U., McMullen, P.: Lattice points in lattice polytopes. Monatsh. Math. 99, 253–265
(1985)
5. Blatter, C.: Another proof of Pick’s area theorem. Mathematics Magazine 70, 200 (1997)
6. Cox, D.A., Little, J.B., Schenck, H.K.: Toric varieties. American Mathematical Society, Prov-
idence, RI (2011)
7. Diaz, R., Robins, S.: The Ehrhart polynomial of a lattice polytope. Ann. of Math. (2) 145,
503–518 (1997) Erratum: Ann. of Math. (2) 146 237 (1997)
8. Ehrhart, E: Sur les polye`dres rationnels homothe´tiques a` n dimensions. (French) C. R. Acad.
Sci. Paris 254 616–618 (1962)
9. B. Gru¨nbaum, G.C. Shephard: Pick’s Theorem. The American Mathematical Monthly 100,
150-161 (1993)
10. Haberl, C.: Minkowski valuations intertwining with the special linear group. J. Eur. Math.
Soc. (JEMS) 14, 1565–1597 (2012)
11. Haberl, C., Parapatits, L.: The centro-affine Hadwiger theorem. Journal of the American
Mathematical Society 27, 685–705 (2014)
12. Hatcher, A.: Algebraic topology. Cambridge University Press, Cambridge (2002)
13. Henk, M., Tagami, M.: Lower bounds on the coefficients of Ehrhart polynomials. Europ. J.
Combinatorics 30, 70–83 (2009)
14. Kantor, J.-M., Khovanskii, A.: Une application du the´ore`me de Riemann-Roch combinatoire
au polynoˆme d’Ehrhart des polytopes entiers de Rd . (French. English, French summary) [An
application of the combinatorial Riemann-Roch theorem to the Ehrhart polynomial of integral
polytopes in Rd] C. R. Acad. Sci. Paris Se´r. I Math. 317 (1993), no. 5, 501507.
15. Knudsen, F.F.: Construction of nice polyhedral subdivisions, In: Kempf G.R., Knudsen, F.F.,
Mumford, D., Saint-Donat, B. (eds.) Toroidal Embeddings I, pp.109-164. Springer, Lecture
Notes in Mathematics 339, Heidelberg (1973)
16. Ludwig, M.: Minkowski valuations. Trans. Amer. Math. Soc. 357, 4191–4213 (2005)
17. Macdonald, I.G.: Polynomials associated with finite cell-complexes. J. London Math. Soc.
4,181–192 (1971)
18. McMullen,P.: Valuations and Euler-type relations on certain classes of convex polytopes.
Proc. London Math. Soc. 35, 113–135 (1977)
19. McMullen, P.: Valuations on lattice polytopes. Adv. Math. 220, 303–323 (2009)
20. Pick, G.: Geometrisches zur Zahlenlehre. Sitzungber. Lotos (Prague) 19, 311–319 (1899)
21. Pommersheim, J.: Toric varieties, lattice points and Dedekind sums. Math. Ann. 295, 1–24
(1993)
22. Reeve, J.E.: On the volume of lattice polyhedra. Proc. London Math. Soc. 7, 378–395 (1957)
23. Reeve, J.E.: A further note on the volume of lattice polyhedra. J. London Math. Soc. 34,
57–62 (1959)
24. F. Santos, G.M. Ziegler: Unimodular triangulations of dilated 3-polytopes. Trans. Moscow
Math. Soc. 74, 293–311 (2013)
25. Tsuchiya, A.: Best possible lower bounds on the coefficients of Ehrhart polynomials.
arXiv:1501.02138
26. Broy, M.: Software engineering — from auxiliary to key technologies. In: Broy, M., Dener,
E. (eds.) Software Pioneers, pp. 10-13. Springer, Heidelberg (2002)
10 Ka´roly J. Bo¨ro¨czky and Monika Ludwig
27. Dod, J.: Effective substances. In: The Dictionary of Substances and Their Effects. Royal
Society of Chemistry (1999) Available via DIALOG.
http://www.rsc.org/dose/title of subordinate document. Cited 15 Jan 1999
28. Geddes, K.O., Czapor, S.R., Labahn, G.: Algorithms for Computer Algebra. Kluwer, Boston
(1992)
29. Hamburger, C.: Quasimonotonicity, regularity and duality for nonlinear systems of partial
differential equations. Ann. Mat. Pura. Appl. 169, 321–354 (1995)
30. Slifka, M.K., Whitton, J.L.: Clinical implications of dysregulated cytokine production. J. Mol.
Med. (2000) doi: 10.1007/s001090000086
